Abstract. We define and study supercharacters of the classical finite unipotent groups of types B n (q), C n (q) and D n (q). We show that the results proved in [7] remain valid over any finite field of odd characteristic. In particular, we show how supercharacters for groups of those types can be obtained by restricting the supercharacter theory of the finite unitriangular group, and prove that supercharacters are orthogonal and provide a partition of the set of all irreducible characters. In addition, we prove that the unitary vector space spanned by all the supercharacters is closed under multiplication, and establish a formula for the supercharacter values. As a consequence, we obtain the decomposition of the regular character as an orthogonal linear combination of supercharacters. Finally, we give a combinatorial description of all the irreducible characters of maximum degree in terms of the root system, by showing how they can be obtained as constituents of particular supercharacters.
Introduction
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The main goal of this paper is to extend to an arbitrary odd prime the results obtained in the paper [7] where the authors started to develop a supercharacter theory for a Sylow p-subgroup U of one the (non-twisted) Chevalley groups C n (q), B n (q), and D n (q). (We mention that the present paper is a companion of the forthcoming paper [8] where a supercharacter theory for U is established by defining the superclasses of U.) As in [7] , the notion of a supercharacter of U is very similar the notion of a "basic character" of the unitriangular group U n (q), and follows the original idea of parametrizing supercharacters by certain "minimal" subsets of (positive) roots. In fact, it is known that the supercharacters of U n (q) can be obtained as certain "reduced" products of "elementary characters" which are irreducible characters corresponding to the "matrix entries" (i, j), for 1 ≤ i < j ≤ n, labelled by nonzero elements of F q ; in Yan's thesis, the "elementary characters" were called "primary characters", and the supercharacters were called "transition characters". (We refer that the factorization of a supercharacter as a product of "elementary characters" holds, not only for the unitriangular group, but also for any finite algebra group, as it is explained in the paper [10] where O. Pinho and the first author obtain a relation between factorizations of supercharacters and decomposability of certain cyclic modules.) Following Yan's method, one can show that the supercharacters of U n (q) are parametrized by certain combinatorial data consisting of a "basic set" D of matrix entries such that no two elements of D agree in, either the first, or the second, coordinate, and of a map φ from D to the nonzero elements of F q . (There is an alternative way of parametrizing the supercharacters of U n (q) by labelled set partitions of {1, 2, . . . , n}, and we mention that a rich combinatorial structure is arising and appears to have a remarkable analogy with the well-known connection between partitions of n and the representation theory of the symmetric group S n ; see the papers [21, 24] by N. Thiem and his collaborators.)
In the present paper, as in [7] , we define the supercharacters also as certain "reduced" products of "elementary characters" (which in general are not necessarily irreducible characters) of the given Sylow p-subgroup U. These "reduced" products are parametrized by pairs consisting of a conveniently chosen "basic subset of roots" and of a map to the nonzero elements of F q . (We note that the roots in the unitriangular case are in oneto-one correspondence with the matrix entries.) In fact, the group U can be naturally identified with a subgroup of a unitriangular group, and we will show that the elementary characters (and supercharacters) of U can be obtained as constituents of the restriction of a supercharacter of that unitriangular group.
The paper is organized as follows. In Section 2, we introduce the necessary notation and define the elementary characters and the supercharacters of the group U. Then, in Section 3, we obtain the elementary characters of U by restricting elementary characters of the unitriangular group which contains U, and use this information to show that the complex vector space spanned by the supercharacters is, in fact, the associative algebra (finitely generated) by the elementary characters. As a consequence, we deduce that every irreducible character of U is a constituent of a supercharacter. Then, in Section 5, we prove the orthogonality of supercharacters (as class functions of U), by using a partition of the dual space of the Lie algebra of U in terms of its "basic subvarieties" as obtained in Theorem 4.5 of the authors' paper [7] . In Section 6, we deduce a formula for the supercharacters analogous to the one proved in [15, Theorem 5.6] , and obtain a decomposition of the regular character of U as a linear combination (with nonnegative integer coefficients) of supercharacters. Finally, in Section 7, we apply our results on supercharacters to identify the irreducible characters of maximum degree of U. We observe that, for several times, we refer to results proved for the unitriangular group under the assumption that the prime p is sufficiently large; however, those results are known to be true for arbitrary primes, as it follows from Yan's work (see also [5] , or [15] ).
Supercharacters
Let p ≥ 3 be a prime number, q = p e (e ≥ 1) a power of p, and F q the finite field with q elements. For a fixed positive integer n, let G denote one of the following classical finite groups: the symplectic group Sp 2n (q), the even orthogonal group O 2n (q), or the odd orthogonal group O 2n+1 (q) (in alternative notation, these are the (non-twisted) Chevalley groups C n (q), B n (q), and D n (q), respectively). Throughout the paper, we set U = G ∩ U m (q) where
and U m (q) denotes the upper unitriangular group consisting of all unipotent uppertriangular m × m matrices over F q . Then, U is a Sylow p-subgroup of G, and it is described as follows. Let J = J n be the n × n matrix with 1's along the anti-diagonal and 0's elsewhere. Then, U consists of all (block) matrices of the form
where x ∈ U n (q), u is an n × r matrix over F q , and (i) r = 0, and Jz T − zJ = 0, if U ≤ Sp 2n (q); (ii) r = 0, and Jz T + zJ = 0, if U ≤ O 2n (q); (iii) r = 1, and Jz
As mentioned in the Introduction, the supercharacters of U will be parametrized by certain subsets of (positive) roots. Thus, we introduce some notation and recall some elementary facts concerning roots; for the details, we refer to the books [12, 13] by R.
Carter (see also [14, Chapter 8] ). Let T be the maximal torus of G consisting of all diagonal matrices, and Σ the root system defined by T . The elements of Σ are described as follows. For each 1 ≤ i ≤ n, let ε i : T → F × q be the map defined by ε i (t) = t i for all t ∈ T ; here, we denote by t i ∈ F × q the (i, i)th entry of the matrix t ∈ T . Then, Σ = Φ ∪ (−Φ) where
The roots in Φ are said to be positive, and the roots in −Φ are said to be negative. Throughout the paper, the word "root" will always stand for "positive root".
With Φ we associate the subset of "matrix entries" E ⊆ {(i, j) : − n ≤ i, j ≤ n} as follows. For any α ∈ Φ, we set
and we define E = α∈Φ E(α).
More generally, for each subset Ψ ⊆ Φ, we set
On the other hand, we consider the mirror order ≺ on the set {0, ±1, . . . , ±(n + 1)} which is defined as
and we shall index the rows (from left to right) and columns (from top to bottom) of any m × m matrix according to this ordering. Hence, the entries of any matrix x ∈ U m (q) are indexed by all the pairs (i, j) ∈ E: for each (i, j) ∈ E, we shall write x i,j to denote the (i, j)th entry of x (which occurs in the ith row and in the jth column). For our purposes, it is convenient to consider the set
and extend this notation to any subset Ψ ⊆ Φ by setting
We observe that there exists a one-to-one correspondence between Φ and E + . For any α ∈ Φ, we define the subgroup U α of U as follows:
Let ϑ : F q → C × be a non-trivial linear character of the additive group F + q of F q (this character will be kept fixed throughout the paper; moreover, all characters will be taken over the complex field). For any r ∈ F × q , the mapping x → ϑ(rx i,j ) defines a linear character λ α,r : U α → C × of U α , and we define the elementary character ξ α,r to be the induced character ξ α,r = (λ α,r ) U (see [2] for the corresponding definition in the case of the unitriangular group; see also [15, Corollary 5.11 ] and the discussion thereon). We next define the notion of a "basic subset of roots". To start with, we recall that a subset D ⊆ E is said to be basic if it contains at most one entry from each row and at most one root from each column; in other words, D ⊆ E is basic if
is a basic subset of E. (We will always use script letters to denote basic subsets of E, in contrast to basic subsets of Φ which will be mostly denoted by italic letters.)
Given any non-empty basic subset D ⊆ Φ and any map φ : D → F × q , we define the supercharacter ξ D,φ to be the product
For convenience, if D is the empty subset of Φ, we consider the empty map φ : D → F × q , and define ξ D,φ to be the unit character 1 U of U. Let
Then, λ D,φ is clearly a linear character of U D and, by [7, Proposition 2.2] , the supercharacter ξ D,φ can be obtained as the induced character
We now state the main result of this paper which extends [7, Theorem 1.1] for arbitrary odd primes. (Given any finite group G, we denote by Irr(G) the set of all irreducible characters of G, and by ·, · (or by ·, · G if necessary) the Frobenius' scalar product on the complex vector space of all class functions defined on G.) Theorem 2.1. Let χ be an arbitrary irreducible character of U. Then, χ is a constituent of a unique supercharacter of U; in other words, there exists a unique basic subset D ⊆ Φ and a unique map φ :
Our proof depends strongly on the supercharacter theory of the unitriangular group, and on certain "basic subvarieties" defined by polynomial equations on the dual space of the Lie algebra u of U. We recall its definition. Let g denote one of the following classical Lie algebras defined over F q : the symplectic Lie algebra sp 2n (q), the even orthogonal Lie algebra o 2n (q), or the odd orthogonal Lie algebra o 2n+1 (q). Then, u = g ∩ u m (q) where u m (q) denotes the upper niltriangular Lie algebra consisting of all nilpotent uppertriangular m × m matrices over F q . Thus, u consists of all (block) matrices of the form
where a ∈ u n (q), u is an n × r matrix over F q , and (i) r = 0, and
. For any α ∈ Φ, we will denote by e α the matrix in u defined as follows (as usual, 1 ≤ i < j ≤ n):
It is clear that {e α : α ∈ Φ} is an F q -basis of u. On the other hand, we denote by u * the dual vector space of u, and let {e * α : α ∈ Φ} be the F q -basis of u * dual to the basis {e α : α ∈ Φ} of u; hence, e * α (e β ) = δ α,β for all α, β ∈ Φ. For any α ∈ Φ, we define the Lie subalgebra u α of u as follows:
We note that
F q e β where Φ(α) = {β ∈ Φ : e β ∈ u α }; hence, {e β : β ∈ Φ(α)} is a basis of u α .
Remark 2.2. In the case where p ≥ 2n, we have a p = 0 for all a ∈ u, and so we may define the usual exponential map exp : u → U by exp(a) = 1 + a +
It is well-known that exp is bijective and that the Campbell-Hausdorff formula holds: for all a, b ∈ u, we have exp(a) exp [18, pg. 175] ). It follows that, if h is any Lie subalgebra of u, then the exponential image H = exp(h) is a subgroup of U. In particular, for any α ∈ Φ, we have U α = exp(u α ).
Elementary characters
We start this section by relating the elementary characters of U with the elementary characters of the corresponding unitriangular group U m (q). Firstly, we fix some notation. To avoid confusion, we shall denote by ζ i,j,r the elementary character of U m (q) associated with the entry (i, j) ∈ E and the element r ∈ F × q . By the definition, ζ i,j,r is the induced character
where µ i,j,r : U i,j → C × is the linear character of the subgroup
for simplicity of writing, we set ε 0 = 0. For the remaining cases, the following lemma will be useful.
Proof. For simplicity, we write 
is a complete set of representatives of the (H, K)-double classes of U m (q); without loss of generality, we choose X so that 1 ∈ X. Thus, we obtain
In particular, for x = 1, we get µ, ν H∩K = 1 (because, both µ and ν are linear), and thus ζ, ν Um(q) = 0. Since ζ is irreducible (by [15, Corollary 5.11 ]; see also [2, Lemma 3]), we conclude that ζ is an irreducible constituent of ν Um(q) . Since |U m (q) : K| = |U m (q) : H|, we obtain ζ = ν Um(q) as required.
We observe that, if α = ε i + ε j for 1 ≤ i < j ≤ n, then
As a consequence of this and the above observations, we may prove the following result.
, and suppose that j = −i (in the case where
Proof. For simplicity, we set ζ = ζ i,j,r . Let K = U i,j if j 0, and
U . Since K ∩ U = U α and µ K∩U = λ α,r , we conclude that ζ U = ξ α,r , as required. The proof of the equality (ζ −j,−i,r ) U = ξ α,r is analogous.
The previous lemma is not true in the case where U ≤ Sp 2n (q) and α = 2ε i for
. In order to deal with these cases, we start by proving the following auxiliary result. (The subsets K D,ϕ ⊆ U m (q) are exactly the superclasses of U m (q) as explained in [15, Appendix A] ; see also the papers [4, 11] , or the PhD thesis [25] .) Lemma 3.3. Let D be a basic subset of E, let ϕ : D → F × q be a map, and let
Moreover, the mapping z → a z defines a bijection from U to u.
Proof. We only consider the case U ≤ Sp 2n (q) (the others are similar); hence r = 0. Since
Since
It follows that
and this completes the proof.
We are now able to prove the following result. Given any F q -vector space V and any linear map f ∈ V * , we denote by ϑ f the composite map ϑ • f : V → C × ; it is straightforward to check that ϑ f is a linear character of the additive group V + and that
Lemma 3.4. Suppose that U ≤ Sp 2n (q), let α = 2ε i for 1 ≤ i ≤ n, and let r ∈ F × q . Then, ξ α,r is an irreducible constituent of (ζ i,−i,r ) U with multiplicity 1; in particular,
Proof. For simplicity, we write ξ = ξ α,r and ζ = ζ i,−i,r . We evaluate the Frobenius' product ζ U , ξ . Since ξ = λ U where λ = λ α,r , we have ζ U , ξ = ζ Uα , λ . Let u 2n (q) * be the dual space of u 2n (q), let e * i,−i ∈ u 2n (q) * be defined by e * i,−i (a) = a i,−i for all a ∈ u 2n (q), and let O ⊆ u 2n (q) * be the coadjoint U 2n (q)-orbit which contains re * i,−i . Then, by [15, Corollary 5.11], we have
Let z ∈ U α be arbitrary, and let a z ∈ u be the element defined in the previous lemma; it is clear that a z ∈ u α . By [3, Theorem 1], there exists a (unique) basic subset D ⊆ E and a (unique) map ϕ : D → F × q such that z ∈ K D,ϕ . By the previous lemma, we have 1 + a z ∈ K D,ϕ , and so
Since the mapping z → a z defines a bijection from U α to u α , we conclude that
and thus
. Now, we consider the basis {e β : β ∈ Φ} of u. Let Ψ = Φ − {ε i − ε k : i < k ≤ n}, so that {e β : β ∈ Ψ} is a basis for u α . By [3, Lemma 1] , in order to describe O∩(u α ) ⊥ , it is enough to consider vectors e β for β ∈ Ψ satisfying (j, k) ∈ E(β) for some i j ≺ k −i. Firstly, suppose that β = ε j − ε k for i ≤ j < k ≤ n. In this case, we have e β = e j,k − e −k,−j , and so h(e j,k ) = h(e −k,−j ) for all h ∈ (u α ) ⊥ . Similarly, if β = ε j + ε k for i ≤ j < k ≤ n, then e β = e j,−k + e k,−j , and thus h(e j,−k ) = −h(e k,−j ) for all h ∈ (u α )
⊥ . Finally, if β = 2ε j for i ≤ j ≤ n, then e β = e j,−j , and so h(e j,−j ) = 0 for all h ∈ (u α )
⊥ . Now, suppose that
, we deduce that f (e i,−j ) = −f (e j,−i ) = f (e j,−j ) = 0 for all i < j ≤ n, and this clearly implies that
Since |O| = ζ(1) = q 2(n−i) , we conclude that ζ U , ξ = 1 as required.
A similar argument can be used to prove the following result.
Lemma 3.5. Suppose that U ≤ Sp 2n (q), let α = 2ε i for 1 ≤ i ≤ n, and let r ∈ F × q . Let ζ = ζ i,−i,r be the supercharacter of U 2n (q) associated with (i, −i) and r. Moreover, let β = 2ε j for i ≤ j ≤ n, and let s ∈ F × q be such that −rs ∈ (F × q )
2 . Then, the (irreducible) supercharacter ξ = ξ α,r ξ β,s is a constituent of ζ U with multiplicity 2.
Proof. By the definition, we have ξ = λ U where λ = λ α,r λ β,s is the linear character of
For each z ∈ U, let a z ∈ u be as in Lemma 3.3. Then, for h = re * i,−i + se * j,−j ∈ u 2n (q) * , we have λ(x) = ϑ h (a x ) for all x ∈ V . Therefore, since x → a x defines a bijection from V to v = u α ∩ u β , we deduce that
Now, let Ψ = Φ − {ε i − ε k , ε j − ε l : i < k ≤ n, j < l ≤ n}, so that {e β : β ∈ Ψ} is a basis for v. As in the previous proof, for an arbitrary element g ∈ v ⊥ , we obtain:
, and thus −rs ∈ (F × q ) 2 ; moreover, f (e i,−j ) must be non-zero. Therefore, we conclude that
In the notation of the two previous lemmas, we deduce that
where η is, either the zero function, or a character of U. Taking degrees, we obtain
It follows that η(1) = 0, and this concludes the proof of the following result.
Proposition 3.6. Suppose that U ≤ Sp 2n (q), let α = 2ε i for 1 ≤ i ≤ n, and let r ∈ F × q . Let ζ = ζ i,−i,r be the supercharacter of U 2n (q) associated with (i, −i) and r. Then,
The algebra of superclass functions
The main goal of this section is to prove the existence part of Theorem 2.1. We start by proving a result on the decomposition of the product of two elementary characters of U. The argument of the proof uses the corresponding decompositions in the case of the unitriangular group U m (q), which can be found in [2, Lemmas 6-8 and 11]. (The proofs in that paper use the assumption p ≥ m, but can be easily adapted for an arbitrary prime (see the thesis [25] by N. Yan); in fact, every irreducible constituent of any of the given decompositions is a supercharacter of U m (q), and thus is a Kirillov function (see [15, Theorem 5.10 ], or [6, Theorem 3] .) Proposition 4.1. Let α, β ∈ Φ, and r, s ∈ F × q . Then, the product ξ α,r ξ β,s decomposes as a sum of supercharacters.
Proof. The result is obvious in the case where {α, β} is a basic subset of Φ. Thus, we assume that {α, β} is not basic. Let (i, j) ∈ E + (α) and (k, l) ∈ E + (β); without loss of generality, we may assume that i ≤ k. We observe that, by the definition of basic subset of roots, E({α, β}) = {(i, j), (−j, −i), (k, l), (−l, −k)} is not a basic subset of E.
Firstly, we assume that j = −i and l = −k (in the case where U = Sp 2n (q)). Suppose that {(i, j), (k, l)} is a basic subset of E; hence, we must have k = −j. By the previous lemma, we have ξ α,r ξ β,s = (ζ i,j,r ) U (ζ −j,l,s ) U = (ζ i,j,r ) U (ζ −l,j,s ) U , and thus, by [2, Lemma 7] , we obtain
The result follows by the Propositions 3.2 and 3.6.
On the other hand, suppose that {(i, j), (k, l)} is not a basic subset of E. Firstly, we consider the case where i = k and j > l. By [2, Lemma 6], we obtain ξ α,r ξ β,s = ξ α,r + i≺a≺l t∈F × q ξ α,r (ζ a,l,t ) U , and the result follows because the subsets {(i, j), (a, l)}, for i ≺ a ≺ l, are all basic. The case where i < k and j = l is similar, because Lemma 6] ), and the subsets {(i, j), (k, b)}, for k ≺ b ≺ j, are all basic.
Finally, suppose that i = k and j = l; hence, α = β. On the one hand, if s = −r, then 
and thus the result follows by the same reason. Next, we assume that U = Sp 2n (q) and l = −k. Since {α, β} is not basic, the subset {(i, j), (k, −k)} cannot be basic; we recall that E({α, β}) = {(i, j), (−j, −i), (k, −k)}. We start by considering the case where i = k and j = −k. By [2, Lemma 6], we obtain
Since ξ α,r ξ β,s is a constituent of ξ α,r (ζ k,−k,s ) U (by Lemma 3.4), it is a sum of some of the irreducible constituents of the characters ξ α,r and ξ α,r (ζ k,b,t 
Using Propositions 3.2 and 3.6, it is now easy to conclude that the irreducible constituents of ξ α,r (ζ k,b,t ) U are supercharacters of U, and so the result also follows in this situation. Now, suppose that (i, j) = (k, −k) = (i, −i); hence, α = β. On the one hand, suppose that s = −r. Then, by [2, Lemma 8], (ζ i,−i,r ) U (ζ i,−i,−r ) U decomposes as a sum with constituents of the form (ζ a,−i,t ) U (ζ i,b,t ′ ) U = (ζ i,a,t ) U (ζ i,b,t ′ ) U for i ≺ a, b ≺ −i and t, t ′ ∈ F q ; for simplicity, we set ζ u,v,0 = 1 Um(q) for all (u, v) ∈ E. By the above, each character (ζ i,a,t ) U (ζ i,b,t ′ ) U decomposes as a sum of irreducible supercharacters, and thus ξ α,r ξ α,−r also decomposes as a sum of irreducible supercharacters (because ξ α,r ξ α,−r is a constituent of (ζ i,−i,r ) U (ζ i,−i,−r ) U ).
On the other hand, suppose that s = −r. Then, by [2, Lemma 11], (ζ i,−i,r ) U (ζ i,−i,s ) U decomposes as a sum with constituents of the form (ζ i,−i,r+s ) U (ζ a,b,t ) U for i ≺ a ≺ b ≺ −i and t ∈ F q . Let i ≺ a ≺ b ≺ −i and t ∈ F × q ; we observe that, by Proposition 3.2, we may assume that 1 ≤ a ≤ n and a ≺ b −a. By Proposition 3.6, the irreducible constituents of (ζ i,−i,r+s ) U (ζ a,b,t ) U are also irreducible constituents of characters with the form ξ α,r (ζ c,−c,u ) U (ζ a,b,t ) U for some i ≺ c n and some u ∈ F q . Using a simple inductive argument, we may assume that each character (ζ c,−c,u ) U (ζ a,b,t ) U decomposes as a sum of irreducible supercharacters, and this clearly implies that ξ α,r (ζ c,−c,u ) U (ζ a,b,t ) U also decomposes as a sum of irreducible supercharacters. The result follows because ξ α,r ξ α,s is a constituent of (ζ i,−i,r ) U (ζ i,−i,s ) U . Finally, we assume that i = k and j ≺ −k = −i (we recall that i ≺ j −i). In this case, [2, Lemma 6] implies that
As in the previous case, since ξ α,r ξ β,s is a constituent of ξ α,r (ζ i,−i,s ) U , it is a sum of some of the irreducible constituents of the characters (ζ i,−i,s ) U and (ζ i,−i,s ) U (ζ a,j,t ) U for i ≺ a ≺ j and t ∈ F × q . Using Propositions 3.2 and 3.6, we easily conclude that the irreducible constituents of (ζ i,−i,s ) U and (ζ i,−i,s ) U (ζ a,j,t ) U , for i ≺ a ≺ j, a = −j, and t ∈ F × q , are supercharacters of U. It remains to consider the irreducible constituents of (ζ i,−i,s ) U (ζ −j,j,t ) U for t ∈ F × q . However, by Proposition 3.6 and by one of the cases considered previously, all these irreducible constituents are supercharacters.
The proof is complete.
Next, we prove that the product of supercharacters is a linear combination (with nonnegative integer coefficients) of supercharacters. For the (inductive) proof, we need to endow the set of roots with the total order defined as follows. Given α, β ∈ Φ, we choose (i, j) ∈ E + (α) and (k, l) ∈ E + (β), and set α ≺ β if and only if, either l ≺ j, or j = l and i ≺ j. The following observation will also be very useful (and is an immediate consequence of the previous proof). We may now proceed with the proof of the following result. Here, we denote by cf(U) the unitary vector space consisting of all class functions of U, and by scf(U) the vector subspace of cf(U) spanned by all supercharacters of U. ("scf" stands for "superclass function"; superclasses of U will be defined in the forthcoming paper [8] .) Theorem 4.3. The product of two supercharacters of U decomposes as a sum of supercharacters. In other words, scf(U) is a subalgebra of cf(U); moreover, scf(U) is finitely generated (as an algebra) by the elementary characters of U. On the other hand, suppose that β ≺ α. As in the previous case, the product ξ α,r ξ D 0 ,φ 0 decomposes as a sum of supercharacters, and so we may choose a basic subset
. By Lemma 4.2, we see that the smallest root in D 0 ∪ {α} is smaller or equal to the smallest root in D ′′ , and so β is strictly smaller than the smallest root in D ′′ , which means that D ≺ D ′′ . Thus, as in the previous case, we conclude that the product ξ β,s ξ D ′′ ,φ ′′ decomposes as a sum of supercharacters, and thus ξ α,r ξ D,φ = ξ β,φ(β) (ξ α,r ξ D 0 ,φ 0 ) also decomposes as a sum of supercharacters.
Finally, suppose that β = α. In this case, we have ξ α,r ξ D,φ = (ξ α,r ξ α,s )ξ D 0 ,φ 0 . By Proposition 4.1 and Lemma 4.2, ξ α,r ξ α,s decomposes as a product of supercharacters with the form ξ α,t ξ D ′′ ,φ ′′ where D ′′ ⊆ Φ is a basic subset such that α is strictly smaller than all of its roots, φ ′′ :
q is a map, and t ∈ F q ; for simplicity, we write ξ α,0 = 1 U . By successively repeating the arguments above, we deduce that ξ D ′′ ,φ ′′ ξ D 0 ,φ 0 decomposes as a sum of supercharacters, each one corresponding to a basic subset with smallest root larger than α. Therefore, D is smaller than all of these basic subsets, and so we may use reverse induction to conclude that ξ α,t ξ D ′′ ,φ ′′ ξ D 0 ,φ 0 also decomposes as a sum of supercharacters. It follows that ξ α,r ξ D,φ decomposes as a sum of supercharacters, and this completes the proof.
As a corollary, we obtain the following result. Proof. Since ζ is a product of elementary characters of U m (q), Propositions 3.2 and 3.6 imply that ζ U is a product of elementary characters of U, and the result follows by the previous theorem.
We are now able to prove the existence part of Theorem 2.1. Proof. Let ψ be an irreducible character of U m (q) with χ, ψ U = 0. Let D ⊆ E be the (unique) basic subset and ϕ : D → F × q the (unique) map such that ψ is a constituent of the supercharacter ζ = ζ D,ϕ of U m (q). Then, ψ U is a constituent of ζ U , hence χ is an irreducible constituent of ζ U . The result follows by the previous corollary.
Orthogonality of supercharacters
In this section, we prove the orthogonality of supercharacters, and thus complete the proof of Theorem 2.1. The proof depends on the decomposition of u * as a disjoint union of its "basic subvarieties" as defined in the authors' paper [7] . We start by recalling their definition.
We fix an arbitrary non-empty basic subset D ⊆ Φ, and define the D-singular and D-regular entries as follows. For any (i, j) ∈ E, we set
and define, for any α ∈ Φ, the subsets
and
of E. We say that an entry (k, l) ∈ E is α-singular if (k, l) ∈ E S (α); otherwise, we say that (k, l) is an α-regular. More generally, given an arbitrary basic subset D ⊆ E, we define
The entries in S(D) are said to be D-singular, and the entries in R(D) are said to be D-regular. We observe that, for any α ∈ Φ, an entry (k, l) ∈ E is α-singular (resp., α-regular) if and only if it is E(α)-singular (resp., E(α)-regular). Now, since D ⊆ Φ is a basic subset, E(D) = α∈D E(α) is a basic subset of E (by the definition). We say that an entry (i, j) ∈ E is D-singular (resp.,
We denote by E S (D) the subset of E consisting of all D-singular entries, and by E R (D) the subset of E consisting of all D-regular entries. It is clear that
(This definition can be extended to the empty (basic) subset of Φ, in which case all entries in E are regular.)
For an arbitrary basic subset D ⊆ E and an arbitrary entry (i, j) ∈ E, we denote by D(i, j) the subset j 1 ) , . . . , (i t , j t )} and suppose that j 1 ≺ · · · ≺ j t . Moreover, let σ ∈ S t be the (unique) permutation such that i σ(1) ≺ · · · ≺ i σ(t) ; as usual, we denote by S t the symmetric group of degree t. Then, for any f ∈ u m (q) * , we define ∆
.
where, for each α ∈ Φ, we set
if u ≤ sp 2n (q) and α = 2ε i for 1 ≤ i ≤ n, 1 2 f (e α ), if u ≤ o 2n+1 (q) and α = ε i for 1 ≤ i ≤ n.
It is easy to see that f (v) = Tr(u(f ) T v) for all v ∈ u, and that the mapping f → u(f ) defines a vector space isomorphism from u * to u. Finally, we definef ∈ u m (q) * bŷ
for all v ∈ u m (q). Then, for any basic subset D ⊆ Φ and any entry (i, j) ∈ E, we set
i,j (f ) for all f ∈ u, and, for any map φ :
The following result is Theorem 4.5 of the paper [7] (the proof given there is valid for an arbitrary odd prime). 
of all its basic subvarieties.
As a particular case, let α ∈ Φ and r ∈ F 
Henceforth, we denote by
By [3, Propositions 1 and 2] (see also the discussion in [15, Appendix 2]), we know that
In particular, let α ∈ Φ, (i, j) ∈ E + (α) and r ∈ F 
for all z ∈ U.
Proof. Let (i, j) ∈ E + (α). Firstly, we consider the case where j = −i. By Proposition 3.6, we have ξ α,r = ( 
i,j,r be arbitrary, and consider the restriction f u of f to u. The result follows because ξ α,r (1) = |O * α,r |. On the other hand, suppose that U ≤ Sp 2n (q) and α = 2ε i for some 1 ≤ i ≤ n. In this case, by [7, Proposition 3.1 and Theorem 5.5], O * α,r ⊆ u * is the coadjoint U-orbit which contains re * α . Let z ∈ U be fixed. By the definition of induced character, we have
Since λ α,r (xzx −1 ) = λ α,r (xa z x −1 ) for all x ∈ U with xzx −1 ∈ U α , we deduce that
Now, it is straightforward to check that re * α + (u α ) ⊥ ⊆ O * α,r , and so
for all h ∈ re * α +(u α ) ⊥ ; as usual, C U (re * α ) denotes the centralizer of re * α under the coadjoint action of U. It follows that
The result follows because ξ α,r (1) = |U : U α | (by the definition).
Remark 5.3. We observe that, by [7, Proposition 2.1], a basic subvariety O * α,r , for α ∈ Φ and r ∈ F × q , is a coadjoint U-orbit in all cases, except when U is orthogonal and α = ε i +ε j for some 1 ≤ i, j ≤ n. In this case, by [ * . On the other hand, an argument similar to the above shows that, for any s ∈ F q , the expression
defines an irreducible character of U. In fact, we may consider the subgroup
of U, and define the linear character µ s : V → C × by µ s (z) = ϑ(rz i,−j + sz i,j ) for all z ∈ V . Then, we may show that χ s = (µ s ) U for all s ∈ F q , and that
is the decomposition of ξ α,r into q distinct irreducible constituents (cf. [7, Proposition 2.1]).
Next, we prove the orthogonality of supercharacters (and thus we conclude the proof of Theorem 2.1). We start by considering the symplectic case U ≤ Sp 2n (q). Let
Then, for any basic subset D ⊆ Γ and any map φ : D → F × q , the supercharacter ξ D,φ is irreducible (by Corollary 6.2). In particular, in the case where, either D, or D ∪ {2ε n }, is a maximal basic subset of Γ, then ξ D,φ is irreducible and has maximum degree q n(n−1)/2 (see the proof of [7, Proposition 6.3] ). On the other hand, it is easy to see that the number d n of all these pairs (D, φ) can be computed by the "Fibonacci" recurrence relation
Therefore, by [23, Theorem 12] , we obtain the following result. where r = ⌊n⌋, the supercharacter ξ D,φ has q r (distinct) irreducible constituents, each with degree equal to q f (n) where f (n) = n(n − 2)/2, if n is even, (n − 1) 2 /2, if n is odd.
On the other hand, if n = 2r is even and D = {ε 1 + ε 2 , ε 3 + ε 4 , . . . , ε 2r−3 + ε 2r−2 } ⊆ Γ, the supercharacter ξ D,φ has q r−1 (distinct) irreducible constituents, each with degree equal to q n(n−2)/2 . Therefore, for the basic subset D = {ε 1 + ε 2 , ε 3 + ε 4 , . . . , ε 2r−3 + ε 2r−2 } ∪ {ε 2r−1 − ε 2r } ⊆ Φ and any map φ : D → F × q , the supercharacter ξ D,φ also has q r−1 (distinct) irreducible constituents, each with degree equal to q n(n−2)/2 . Now, by Theorem 2.1, we may repeat the proof of [7, Proposition 6.6 ] to conclude that q f (n) is the maximum degree of an irreducible character of U, and thus we have obtained d n irreducible characters of maximum degree where where D 1 {ε n−1 − ε n , ε n−1 + ε n }. (ii) If n is odd, then χ has maximum degree if and only if D = {ε 1 + ε 2 , ε 3 + ε 4 , . . . , ε n−1 + ε n }.
Finally, we consider the odd orthogonal case U ≤ O 2n+1 (q). Let Γ = {ε i + ε i+1 : 1 ≤ i < n}, let D ⊆ Γ be a basic subset, and let φ : D → F × q be a map. Then, as in the even case, we conclude that, for D = {ε 1 + ε 2 , ε 3 + ε 4 , . . . , ε 2r−1 + ε 2r } ⊆ Γ where r = ⌊n⌋, the supercharacter ξ D,φ has q r (distinct) irreducible constituents, each with degree equal to q n(n−1)/2 . On the other hand, using Corollary 6.2 (see also [7, pg . 423]), we conclude that, for the basic subset D = {ε 1 + ε 2 , ε 3 + ε 4 , . . . , ε n−3 + ε n−2 } ∪ {ε n−1 }, if n = 2r is even, {ε 1 + ε 2 , ε 3 + ε 4 , . . . , ε n−2 + ε n−1 } ∪ {ε n }, if n = 2r + 1 is odd, and any map φ : D → F × q , the supercharacter ξ D,φ has, either q r−1 , or q r , (distinct) irreducible constituents, each with degree equal to q n(n−1)/2 . Finally, as in the even case, we conclude that q n(n−1)/2 is the maximum degree of an irreducible character of U, and thus we have obtained d n irreducible characters of maximum degree where d n = q (n−2)/2 (q + 1)(q − 1) n/2 , if n is even, q (n+1)/2 (q − 1) (n−1)/2 , if n is odd.
Using [23, Theorem 13] , we conclude the proof of the following result. where D 1 ⊆ {ε n }.
